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Abstract. We define and study the set C{p) of end invariants of a SL(2, C) 
character p of the one- holed torus T. We show that the set S{p) is the entire 
projective lamination space .S^J^ of T if and only if (i) p corresponds to the 
dihedral representation, or (ii) p is real and corresponds to a SU{2) represen- 
tation; and that otherwise, E{p) is closed and has empty interior in 3^S£ . For 
real characters p, we give a complete classification of £(p), and show that £'(p) 
has either 0, 1 or infinitely many elements, and in the last case, f(p) is either 
a Cantor subset of or is itself. We also give a similar classification 

for "imaginary" characters where the trace of the commutator is less than 2. 
Finally, we show that for discrete characters (not corresponding to dihedral or 
SU(2) representations), £'(p) is a Cantor subset of S^X if it contains at least 
three elements. 



1. Introduction and statement of results 

Let T be the one-holed torus, and tt its fundamental group which is free on two 
generators X^Y . The SL(2,C) character variety of T is the set X of equivalence 
classes of representations p : -k ^ SL(2,C), where the equivalence classes are ob- 
tained by taking the closure of the orbits under conjugation by SL(2,C). In this 
paper we define and study the set of end invariants associated to the SL(2, C) char- 
acters of the one-holed torus. To simplify the exposition, by abuse of notation, we 
use p instead of \p\ to denote the characters in X in the rest of the paper, there 
should be no confusion, as we will be mostly interested in the trace function which 
is invariant under conjugation. 

Let be the projective lamination space of T and C the set of (free 

homotopy classes of) essential simple closed curves on T. 

Definition 1.1. (End invariants) An element X e is an end invariant of the 

character p if there exists A' > and a sequence of distinct elements X„ € ^ such 
that Xn X and |trp(X„)| < K for all n. 

Denote by E{p) the set of end invariants of p. We show that this is a closed 
subset of the projective lamination space of T fProposition 14.4(1 : classify the 

characters p for which £(/?) = and show that otherwise £(/?) has empty interior 
in fTlieorem ll.2|l : classify characters p for which E{p) =0 ('Theorem ll.H|l : and 
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classify the possible structure of £{p) for reducible, real, imaginary and discrete 
characters (Theorems [131 ESI Ol and OI) • 

The set £{p) gives information about the dynamics of the action of the mapping 
class group F of T on the character p, and is closely related to the study of Klcinian 
groups, dynamical systems, see for example or [S], and also certain problems in 
mathematical physics, see |H1- 

The character variety X stratifies into relative character varieties: for k e C, the 
K-relative character variety is the set of equivalence classes p such that 

for one (and hence any) pair of generators X, Y of it. Denote by the K-relative 
character variety. By classical results of Fricke (see for example 0] or ^I]), we have 
the following identifications: 

X ^ C^ X^ {(x, y, z)eC^ + + ~xyz-2 = k}, 

with the identification given by 

i:p^{x,y, z) := (trp(X), trp(y), trp(Xr)), 

where X^Y is a, fixed pair of generators of tt. The topology on X and X^. will be 
that induced by the above identifications. 

A character p £ X^. such that i(p) is a permutation of the triple (0, 0, ±-\/k + 2) 
is called a dihedral character, the image is generated by two elliptics of order 2 
and contains a cyclic subgroup of index 2. A character is said to be real if l{p) = 
{x,y,z) e MP, and imaginary if two of the entries are purely imaginary and the 
third real. We adopt the convention that for imaginary characters, at least two of 
the entries are non-zero, so that the dihedral characters are not imaginary; this will 
simplify statements of results later. Real characters correspond to SL(2, M) or SU(2) 
representations while imaginary characters correspond to GL(2,M) representations 
(see 12, El and 0). 

The case k — ^2 corresponds to the so called type-preserving representations 
and has been extensively studied in the context of Klcinian groups, see for example 
P, 0, 

The case k = 2 corresponds to the reducible representations and is also somewhat 
special, it is convenient to treat this case separately, see Theorem ll.4l and ffS] Indeed, 
apart from Theorems 11.21 11.41 and SjSl the reader should consider all other results 
and sections to exclude the reducible case, to avoid unnecessary complications with 
exceptions caused by this case. 

The mapping class group F := 7ro(Homeo"'"(T)) = SL(2,Z) acts on X and X,^ 
respectively, where we consider homeomorphisms of T which fix pointwise a neigh- 
borhood of the boundary. We are interested in the large scale behavior of this 
action, particularly in the case where the action is not proper; this is refiected in 
the set of end invariants of p. The dynamics of the action was classified for real 
SL(2) characters by Goldman in 0, and a partial classification was given for imag- 
inary characters by Stantchev in his PhD thesis in Maryland, see Goldman and 
Stantchev 

The set of free homotopy classes of essential simple closed curves in T can be 
thought of as the set of vertices of the pants graph "^(T) , where two vertices X,Y £ 
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are connected by an edge if and only \iX have geometric intersection number 
one in T. "^(T) can be realized as the completion of the Farey triangulation T of 
the hyperbolic plane H^. In this way, is naturally identified with Q := QU {oo}, 
and the projective lamination space of T is identified with the projective real 
line R := M U {oo}, the boundary of the hyperbolic plane H^. The mapping class 
group r acts on these sets and ^(T) in a natural way, this action is realized via 
the isomorphism of F with SL(2, Z), which acts on the upper half-plane as a model 
of 

Wc now give the exact statements of our results. The first result describes all 
characters p for which f (p) = and shows that otherwise, E{p) has empty 

interior. 

Theorem 1.2. The set of end invariants £{p) is equal to if and only if 

(i) p is dihedral; or (ii) p corresponds to a SU(2) representation. Furthermore, if 
£{p) 7^ , then £{p) has empty interior in 

The above can be thought of as the opposite extreme of the following theorem, 
characterizing the characters for which £{p) is empty, which is a consequence of 
results in [T] (Theorem 2), [TT] (Theorem 2.3, Proposition 2.4) and [H] (Theorem 
1.6); we will give a sketch of the proof in 21 

Theorem 1.3. (Bowditch, Tan- Wong-Zhang) The set of end invariants £{p) is 
empty if and only if p satisfies 

(i) trpiX) ^ (-2, 2) for all X g 

(ii) |tr/9(X)| < 2 for only finitely many (possibly no) X G 

We call conditions (i) and (ii) in Theorem II. 31 the extended BQ-conditions. 

The reducible characters (k = 2) are somewhat special; the following result 
classifies £{p) for such characters. 

Theorem 1.4. (End invariants for reducible characters) For p € X2, £{p) = {-^^o} 
or £^I£ . Furthermore, in the first case, if Xq £ "rf, then tr p{Xo) G [—2, 2] and 
trpiX) ^ [-2, 2] for all X £'€\ {X^}, while if Xq ^ , then trp(X) ^ [-2, 2] for 
all X G "^^z and in the second case, tr p{X) G [—2, 2] for all X G 

Note that in particular, £{p) is never empty in this case, so that a reducible 
character never satisfies the extended BQ-conditions. 

Denote by and the real SL(2) character variety and relative character 
varieties respectively. We have the following classification of £{p) for p G A"*, 
together with the description of the corresponding p; we exclude the case k = 2 
which was covered in the preceding theorem. 

Theorem 1.5. (End invariants for real characters) Suppose p G X^, with k ^ 2. 
Then exactly one of the following must hold: 

(a) £{p) = 0, and p satisfies the extended BQ-conditions. 

(b) £{p) {X} where X e'^, p is a SL(2, M) representation, tr p{X) G (-2, 2), 
and tr p{X) ^ (-2, 2) for allX {X} . 

(c) £{p) is a Cantor subset of S^S£ , p is a SL(2,M) representation, trp(X) G 
(-2, 2) for at least two distinct X G ^, and tr p(Y) ^ (-2, 2) U {±y/K + 2} 
for some element Y £ 

(d) £{p) = S^J^, and p satisfies the conditions of Theorem M.'A that is, p is the 
dihedral representation or a SU(2) representation. 
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Furthermore, case (a) occurs only when k G (—00, 2) U [18, 00); case (b) when 
K G [6, 00); case (c) when k € (2, 00); and case (d) when k G [—2, 2) U (2, 00]. 

For p G X^, Theorem II .51 implies that il £{p) has more than one element, then 
£{p) is cither a Cantor set or all of Furthermore, ii £{p) has only one clement 

X (and K 7^ 2), then X is rational, that is, corresponds to a simple closed curve. 
These results arc not true for general complex characters, for example, punctured 
torus groups with two geometrically infinite ends have two end invariants, and those 
with one geometrically infinite end have an end invariant which is irrational. Note 
also that condition (ii) of the extended BQ-conditions follows from condition (i) 
in the case of real characters with k 7^ 2; this will follow from the proof of the 
theorem. 

There is also an intriguing connection between the end invariants of real char- 
acters and the dynamical spectrum of the almost periodic Schrodinger operator; 
see and |H] for details. Roughly speaking, consider a one (real) parameter 
family of characters pE € (parametrized by the energy E E M.) such that 
i{pE) = (2, E—Vq, E—Vi), where Vq 7^ Vi are fixed constants and n — 2 + (Fo — Vi)^; 
and an irrational element A G \ . Then the set of values of E for which 

A G £{pe) corresponds to the dynamical spectrum of a discrete almost periodic 
Schrodinger operator, and the conjecture is that this set is always a Cantor set. 

Denote by and the imaginary character variety and relative character va- 
rieties respectively. Recall that dihedral characters are not in X^ by our convention. 
Note that k G M in this case. We classify £{p) for k < 2: 

Theorem 1.6. (End invariants for imaginary characters) 

(i) K = —2 : For p G X^2i ^{p) cither a Cantor subset of , or consists of 
a single element X in ^S" . In the latter case, tv p{X) = and p is equivalent 
under the action of the modular group T to a character corresponding to 
the triple (f),x,ix) where x G M satisfies \x\ > 2. 

(ii) — 14 < K < 2 : For p G A"^, £{p) is either a Cantor subset of or 
consists of a single element X in 

(iii) K < — 14 : For p G X^, £{p) is a Cantor subset of 3^ ^ ; consists of a single 
element X in ; or is empty. 

We chose in the statement of Theorem 11.61 above to emphasize the case k = —2 
since the results are somewhat sharper than for general —14 < k < 2, and the case 
is itself of independent interest. 

Our final result is for discrete characters. We say a character p is discrete if the 
set of values {trp(X) | X G "^j is a discrete subset of C. Denote the set of discrete 
characters by X^^^'^ . We have: 

Theorem 1.7. For p G A"^""^, if £{p) has at least three elements and £{p) ^ ^.if , 
then £{p) is a Cantor set. 

The above can be rephrased as follows: For discrete characters not corresponding 
to dihedral or SU(2) representations, £{p) is a Cantor subset of 3^.^ if it contains 
at least three elements. Note that a discrete character may also have 0, 1 or 2 
elements in £{p). 

The definition of an end invariant given generalizes the definition of a (geomet- 
rically infinite, or degenerate) end for the case where the representation is type- 
preserving (k — —2), and discrete and faithful, which is the subject of intensive 
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study in the last decade, especially in relation to Thurston's Ending Lamination 
Conjecture, proven by Minsky (for the punctured torus) in [J]. Our definition is 
motivated by that given by Bowditch in PP, where end invariants were defined for 
type-preserving but not necessarily discrete or faithful representations. In fact, this 
work was very much inspired by ^ and grew out of our attempt to study and 
develop the thread of ideas presented in §5 of p]. 

Note however that our definition differs slightly from that used in 0; the dif- 
ference is that accidental parabolics were (isolated) end invariants there, whereas 
they are not in ours. This slight variation simplifies the statements of the results 
above. It also allows us to state the following conjecture, of which the preceding 
results can be regarded as supporting evidence. 

Conjecture 1.8. (The dendrite conjecture) Suppose that £{p) has more than two 
elements. Then either £{p) = or £{p) is a Cantor subset of 

The above conjecture is a refinement and generalization of the suggestion by 
Bowditch in that for a generic p € X-2 not satisfying the BQ-conditions, £{p) 
should be a Cantor set. The "convex hull" of £{p) is a subtree of the dual tree S 
of ^{T)\ the above conjecture says that this tree should look like a dendrite, in the 
sense that if it has more than two ends, than there should be infinite branching at 
any end and all ends are not isolated. The statement would have been somewhat 
more complicated, with several exceptions, if accidental parabolics are considered 
to be end invariants. 

Note that in the cases considered by Bowditch, he did not really have to worry 
about the case £{p) = since for k = — 2 this only occurs for the trivial dihedral 
character corresponding to the quaternionic representation p with t([p]) = (0, 0, 0). 

Bowditch did not produce examples of characters for which £(/o) was a Cantor 
set. Theorem II . 51 produces many such examples for real characters with n > 2 and 
Theorems II .fil and II .71 produces many non-real examples for general k, for example 
the character p G A'_2 with i(p) = (0, 1, i) has £{p) a Cantor set by either theorem. 
To the best of our knowledge, these are the first examples for which £{p) is known 
to be a Cantor set. 

There is also a generalization of the Ending Lamination Conjecture for SL(2,C) 
characters (as Bowditch conjectured for the k = —2 case) which can be stated as 
follows: 

Conjecture 1.9. Suppose that p,p' G are such that £{p) — £{p'), £{p) has at 
least two elements, and £{p) ^ S^J^. Then p ~ p' . 

We end this introduction with a few words about the generalizations to arbitrary 
surfaces. The definition of £{p) can be extended without much difficulty. The case 
of the four-holed sphere is similar and the techniques given here should give similar 
results in that case, although the analysis is generally more difficult. In other cases, 
is homeomorphic to the sphere S'" for some n > 2 and a possible generalization 
of Theorem 11.21 is that £'(p) has either full measure or measure zero. A possible 
generalization of Conjecture 11.81 would be that £{p) is perfect, if it contains more 
than two elements. However, these are just speculations and we do not have any 
insights into these more general cases. 

The rest of the paper is organized as follows. In 50 we give the notation and 
basic definitions to be used in the rest of the paper. In ^we state three key lemmas 
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used for the proofs of the theorems. In ^ we prove Theorems 11.21 and 11.31 In 13 
we consider reducible characters and prove Theorem 1 1.41 In Sj^lwe prove Theorems 
11.51 and 11.71 and in 50 we prove Theorem 11.61 Finally, in the Appendix, wc give a 
brief description of the r-reduction algorithm of Goldman-Stantchev in (Sj for the 
imaginary characters, which generalizes that used by Bowditch in ^ and which is 
used in a crucial way in the proof of Theorem 1 1.61 
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Goldman, Caroline Series, Makoto Sakuma and Greg McShanc for many stimu- 
lating and useful conversations. He would also like to thank Shigcru Mizushima 
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2. Notation and definitions 

In this section we introduce the notation and definitions to be used in the rest 
of this paper. As in the introduction, let T denote the one-holed torus, that is, a 
torus with an open disk removed. Its fundamental group tt is freely generated by 
two elements X, Y corresponding to two simple closed curves on T with intersection 
number one. 

2.1. The (relative) character variety X (resp. X^)- The SL(2,C) character 
variety is the set 

X = Hom(7r, SL(2, C))// SL(2, C) 

where the quotient is the geometric invariant theory quotient by the conjugation 
action. By abuse of notation, denote by p (instead of [p]) the elements of X; we 
call them characters of T. For k S C, the K-relative character variety is the subset 

X^^ipeX \ tTp{XYX~^Y-^) = k}, 

where X, Y are generators of tt. By results of Fricke, it does not matter which pair 
of generators X, Y are used to define k. We have 

X^C^ X,9i{{x,y,z)eC'^ \x^+y^ + z^~xyz-2 = K}; (1) 

the identification is given by 

l:P^{x, y, z) := (trp(X), trp(y), trp(Xr)), 

where X,Y is, a. fixed pair of free generators of tt. Conversely, L~^{x,y,z) can be 
realized by the following representation (see [3]): 

where Q 4- C""'^ — z. 

2.2. Topology of the (relative) character variety. The topology on X and X^ 
will be that induced by the identifications defined in (QJ respectively. 
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2.3. Action of the mapping class group F. The mapping class group 

r := 7ro(Homco+(T)) = SL(2,Z) 
acts on TT and hence on X; the action is given by 

Hp) = p°<I>^^, 

where (/) e F and p Cz X. The action is not effective, the Icernel is generated by 
the elliptic involution corresponding to — / e SL(2,Z), so the effective action is by 
SL(2,Z)/±/ PSL(2,Z). The quantity k = tr p{XYX-^Y-^) is preserved under 
the action of F by results of Nielsen (see [2j); hence F also acts on the relative 
varieties A'^. With the identification of X and X,^ with the complex varieties in l|T|l. 
the action of F is realized via polynomial maps on these varieties; it is generated 
by the cyclic permutation 

c: {x,y,z) h-^ {z,x,y) (2) 

and the involution 

s : {x,y,z) h-> {y,x,xy - z) (3) 
corresponding to ^| 0^)'(*^1 o)^ PSL(2,Z) respectively. 

2.4. Sign change automorphisms. There is a Z/2 x Z/2 action on X (resp. 
Xf^) generated by simultaneously changing the signs of two of the entries of = 
{x,y,z). Two characters are equivalent under this action if and only if they cor- 
respond to lifts of the same representation of tt into PSL(2,C). The large scale 
behavior of the action of F on A" and the end invariants of p are not affected by 
these sign change automorphisms; nonetheless, it will be convenient to use them 
for some local trace reduction arguments later. 

2.5. The pants graph "if (T) and the projective lamination space . Let 

^ denote the set of free homotopy classes of essential (nontrivial, non-boundary) 
simple closed curves on T, which can be regarded as the set of vertices of the pants 
graph "^^(T) of T, where two vertices are connected by an edge if and only if the 
corresponding curves have geometric intersection number one. The pants graph 
^(T) can be concretely realized as the completion T of the Farcy tessellation T of 
the upper half-plane in U E (see Figure ^ ; recall that T is the tessellation 
of by ideal triangles where the edges are the translates of the infinite geodesic 
(0,oo) by PSL(2,Z). Note that '^(T) is not locally finite, and every vertex has 
infinite degree. The space of projective laminations on T can be regarded 

as the completion of 'io\ in this way, can be identified with M, where the 

irrational points of M correspond to projective laminations which are not closed, 
and 'lo is identified with Q, once we fix an identification of X, Y and XY with 0, oo 
and 1, where X^Y are a fixed pair of generators of tt. There is a natural topology 
on induced from the topology of M which agrees with the usual topology on 

regarded as the completion of . There is also a natural orientation induced 
on !P££ from this identification, where we use the usual orientation of M. It is also 
convenient to use the conformal unit disk model of the hyperbolic plane to visualize 
all this; in this way, ^(T) is a triangulation of the unit disk D, and is identified 
with the unit circle = R, where the anti-clockwise direction is positive. We use 
upper case letters to denote elements of and more generally, elements of . 
Occasionally, we will also use A to denote an element of ^.if \ . 
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2.6. The dual trivalent tree E. The dual graph of T (or '^^{T)) is an mfinite 
trivalent tree S. Geometrically, we may choose the vertices of E as the incenters of 
the ideal triangles in the tessellation T and the edges as the geodesic arcs connecting 
the incenters of pairs of adjacent ideal triangles in J-^ where two ideal triangles are 
said to be adjacent if they share a common side. S is trivalent since for each ideal 
triangle in T there arc exactly three others adjacent to it; sec Figure^ Note that E 
is properly imbedded in the hyperbolic plane and all its ends form the whole ideal 
boundary of the hyperbolic plane. Denote by V^(E), E{Y.) the sets of vertices and 
edges of E respectively, and we use the notation u, e to represent elements of V^(E) 
and -E'(E) respectively. A complementary region of E is the closure of a connected 
component of the complement of E in H^; we denote the set of complementary 
regions of E by r2(E). 

2.7. Generating pairs, triples and quadruples. For X, Y, Z, Z' E 

• The (unordered) pair (X, y), is a generating 'pair if X and Y are connected 
by an edge of "^(T). We say that X and Y are neighbors (in '^{T)); 

• The (unordered) triple (X, Y, Z) is a generating triple if X, Y and Z are 
the vertices of a triangle in "^(T); and 

• (X, Y]Z,Z') (where each of the first and second pair in the quadruple is un- 
ordered) is a generating quadruple if {X, Y, Z) and (X, Y, Z') are generating 
triples (note that the pair Z, Z' is determined uniquely by X, Y) . 

We shall denote the sets of generating pairs, triples and quadruples by QV, GT 
and QQ respectively. 

2.8. Correspondences between various sets of objects. There are natural 
correspondences between the following sets, which are self-evident (see Figure EJ: 

^(E) ^ gr ■ v^{x,Y,z) (4) 

E(Y.) ^ gr ^GQ; e^ iX,Y)^ {X,Y;Z,Z') (5) 
n{Y.) < — > ^< — >Q. (6) 

In the second correspondence, {X, Y) defines an edge in J- which is dual to e. In 
the last correspondence, we will use the same letters X, Y, Z to denote the elements 
of all three sets, namely, ^^(E), and Q. Indeed, we shall use the correspondence 
freely, so that the same symbol X may denote an element of ri(E), or Q; it 
should be clear from the context which one we mean. We will also use the symbols 
X{p/q) to indicate that X G {or n(E)) corresponds to p/q E Q. 

2.9. Directed edges of E. Let i?(E) denote the set of directed edges of E. Denote 
by e the elements of i?(E), where the direction of the arrow goes from the tail to 
the head. We use the notation e ^ {X,Y;Z Z') to indicate that the directed 
edge e corresponds to the generating quadruple {X, Y;Z,Z') with the direction of 
the arrow pointing from Z towards Z' . We shall also use the orientation convention 
that X,Y,Z are in clockwise order as points on M (as the boundary of H^), so 
that if e ^ iX,Y;Z Z'), then -e ^ iY,X;Z' Z) where -e is the directed 
edge which is directed in the opposite direction of e and has the same underlying 
undirected edge e. In other words, directed edges correspond to ordered generating 
pairs, and ordered generating quadruples; see Figure [21 
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Figure 1. Farey tessellation T and the dual trivalent tree E. 



X 




Figure 2. The directed edge e ^ (X, F; Z Z') 

2.10. Tri-coloring of "T, r2(I]) and £'(!]). The set "^(or can be naturally 
partitioned into three equivalence classes, 7?., Q and B (we use the colors Red, Green 
and Blue to denote each class) in such a way that any generating triple (X, F, Z) 
contains exactly one element in each class. Similarly, admits a partition into 
three equivalence classes Ey.-, Eg and Et,, where if e ^ {X,Y), then e G E',. if 
X,Y ^TZ and so on. 

2.11. Subsets of <r and ^Jf . Denote by [X, Y] the set of points in in the 
closed interval from X to Y, going in the anti-clockwise/positive direction, so for 
example [X(0),X(1)] consists of all points in corresponding to real numbers 
in the interval [0, 1] and [X(1),X(0)] correspond to points in R outside the open 
interval (0, 1). Denote similarly the half open and open subsets of ^Ji' by [X, Y), 
{X, Y] and {X, Y) (note that we use the same notation for a generating pair but it 
should be clear from the context if we mean a generating pair, or the corresponding 
open interval in ^^). Denote by '^[x,y] (and similarly for the other intervals) the 
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intersection ^ n [X, Y\. To each directed edge e <-> (X, Y;Z ^ Z'), we associate 
the subset of cahed the tail of e defined by tail(e) := '^^ix,y]- ^ote that this is 
the intersection of '^^ with the closed interval in with end points X and Y 

which contain Z. 

2.12. The Fricke trace map induced by a character p. A character p E X,^ 
induces a map 

:= 0p : ^ C 

given by = trp(X). Equivalcntly, </) can be thought of as a map from fi(E) 

to C, from the correspondence between and We adopt the convention 

that the corresponding lower case letters denote the values of cj), that is 4>{X) = x, 
4>{Y) = y, (t>{Z) — z and so on. This will simplify notation considerably. This map 
is called a Markoff map by Bowditch in ^ when k = —2, and a generalized Markoff 
map by the authors in for general k (where the map was defined from f2(S) to 
C); we call this the Fricke map or Fricke trace map in this paper. At any rate, 
satisfies the following vertex and edge relations: 

x"^ + y'^ + z'^ — xyz — 2 — n, (7) 

for any generating triple {X, Y, Z) e QT\ and 

z + z' = xy, (8) 

for any generating quadruple {X,Y\ Z, Z') E QQ (recall we are using the corre- 
sponding lower case letters to denote the values of 0). 

The vertex relation holds for every generating triple if it holds for one by the 
edge relation JHl, that is, it propagates along the tree E. These relations arise from 
the corresponding Fricke trace identities: 

{t-cAf + {irBf + {i-cABf - iiA trB tr AB -2 = tr[A, B] , (9) 

tr AB + tr AB^^ = trA trB. (10) 

Note that the sign-change automorphism described in ^2A\ corresponds to chang- 
ing the signs of cf>{X) for all X in two of the classes in the tri-coloring of described 
in i i2.10l while keeping the entries in the third class fixed. 

2.13. The extended BQ-conditions. Let be a Fricke trace map and 5 C 
We say that (j> satisfies the extended BQ-conditions on S if 

(i) 0(X) ^ (-2, 2) for aU X & S; 

(ii) |<?!'(^)| < 2 for only finitely many (possibly no) X E S. 

li S ~ we say that cj) satisfies the extended BQ-conditions. It 'i^ ~ SiU ■ ■ ■ U Sn, 
then clearly (j> satisfies the extended BQ-conditions if and only if it docs on all the 
Si, i = 1, • • • ,n. 

2.14. Dihedral characters. Note that l~^{0, 0, ±-\/k -t- 2) is the representation 

P(X) = A:^{^\ J), P(r)^5:^(^«, ) , 

where C + C^^ = ±\/k^~2. We call any character for which two of the entries of t(p) 
are zero dihedral characters; they are generated by two order two elliptics A and 

B as above, and contain the cyclic subgroup ( f ^ as a normal subgroup 



END INVARIANTS FOR SL(2,C) CHARACTERS 



11 



of index two. By 0, if p is a dihedral character, (j){X) takes only the values 0, 
±VkT2 for all X e 'S'. 

2.15. Real and imaginary characters. A character p is real if l{p) = {x,y,z) S 
M.^. Real characters correspond to SL(2,M) or SU(2) representations, see |21 or 
[3j . The real (relative) K-character variety can be identified with the real algebraic 
variety 

^ {{x,y,z) e I x^ + y^ + z^~xyz-2 = k}. (11) 

A real character corresponds to a SU(2) representation if and only if for any gen- 
erating triple {X, Y, Z), —2 < x,y, z < 2, and k < 2 (see |2|)- Note that k > —2 in 
this case. For an SL(2,R) character which is not dihedral, it is easy to see that for 
any K > 0, there exists X with |a;| > K (see PJ). 

A character p is imaginary if i(p) is a triple with two purely imaginary entries 
and one real entry, and at least two entries are non-zero. If we use ix and iy for the 
imaginary entries and z for the real entry, where x,y, z e R, then the elements of 
Xj^ can be identified with the points on the real algebraic variety (taking away the 
points on the coordinate axes since we arc assuming the character is not dihedral) 

{(x, y, z) e I -x'^ -y^ + z^ + xyz-2 = n}. (12) 

2.16. Reducible characters. A character p is reducible if k = 2 (see |2|)- In this 
case, p{X) and p(Y) have a common fixed point, which we may assume to be oo, 
so that p is conjugate to an upper triangular representation. We can replace p 
with its semi-simplification which is a representation by diagonal matrices with the 
same character, and henceforth we shall do so. Hence the representations we shall 
consider for reducible characters p with l{p) ~ (x, y, z) will be of the form 

where ^ -I- = x, rj + rj^^ ~ y, and C + C ""^ = z. 

2.17. Discrete characters. A character p E is said to be discrete if the set 
{4>{X) I X S is a discrete subset of C. Note that this occurs for example if 
l{p) = (x, y, z) and x, y and z all lie in a discrete ring in C, for example Z or 

or more generally the ring of integers Od of '^{\/d), where d < is a square- free 
integer. 

2.18. The flow on S associated to a character p. Associated to a character p 
is a flow on the tree S, that is, a map / := /p : E[T,) —f E{T,) defined as follows: 
For e ^ {X,Y;Z,Z'), /(e) = e ^ {X,Y;Z ^ Z') if \z\ > \z'\, that is, the flow 
goes from the larger absolute value of cj) to the smaller one along E. If = \z'\, the 
flow is defined arbitrarily for that edge; this ambiguity does not have any serious 
consequences on the subsequent developments. A vertex v € V{T,) is called a sink 
if /(e) is directed towards v for all the three edges e € E{T,) meeting at v. A finite 
subtree Eq of E is called an attractor for the flow if /(e) is directed towards Eq for 
all e G E \ Eq. Note that a sink v ^ {X, Y, Z) may or may not be an attractor for 
the flow; however, it is if in addition \x\, \y\, \z\ > 2. 
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2.19. End invariants. End invariants for a character p are defined as in Definition 
11.11 in the introduction; the set of end invariants is denoted by £{p). We shall see 
in ^ that there are other equivalent definitions which we will use. The relation 
between the end invariants and (non-)properness of the action of F on p can be 
described as follows. X e is an end invariant of p e A'^ if and only if there 

exists a sequence {On} C F = SL(2,Z) with |tr 6'„| oo such that 6'„(p) stays in 
a fixed compact subset S of (independent of p), and the repelling fixed points 
p~ G of Qn approach X as n — > oo. 

3. Basic results 

Much of the ensuing discussion in this paper hinges on three fairly elementary 
but fundamental results on quasi-convexity fLemma 13.1(1 . escaping orbits (Lemma 
13.4(1 and behavior of neighbors around X (Lemma 13.5(1 which are easy to prove 
but play key roles in controlling the large scale behavior of the action of F on the 
character p, and in the proof of the theorems. They were first proved by Bowditch 
in pP for K = — 2; the generalization to arbitrary k can be found in (11[ . 

For the rest of this section, we fix a p S and let the corresponding Fricke 
trace map be (/) := 0p, which we take to be a map from ri(S) to C. We also assume 
K 7^ 2. Recall that we adopt the convention (^{X) = x, 4>{Y) ~ y, and so on. 

3.1. Quasi-convexity: Connectedness of ^^(K) for > 2. We say that a 
subset S" C is connected if the subgraph spanned by S in the pants graph ^{T) 
is connected. For > 0, let := '^^K) = {X € \ \(j){X)\ < K}, and we 

define n{K) similarly. We then have 

Lemma 3.1. (Quasi-connectivity) For all K > 2, ^(if) {equivalently, ^{K)) is 
connected. 

Lemma r^. II can be deduced easily from the following results. 

Proposition 3.2. Suppose that K >2 and (X,Y] Z, Z') is a generating quadruple 
such that Z, Z' G ^i{K). Then either X orY {or both) is in ^(if). 

Proof. This follows directly from the edge relation ©. □ 

Proposition 3.3. Suppose X,Y,Z £ 17(1]) meet at a vertex v £ V{Tj), and that 
the arrows on the edges X CiY and X Z arising from the flow fp both point away 
from V. Then either |x| < 2, or y ^ z ~ 0. 

Proof. Let Z' and Y' be the regions opposite to Z and Y respectively, from the 
vertex v. By the assumption of the direction of the arrow on the edge X DY, we 
have 2\z\ > \z\ + \z'\ > \z + z'\ = \xy\. Similarly, 2\y\ > \xz\. Adding, we get 
2{\z\ + \y\) > \x\{\y\ + \z\) from which the conclusion follows. □ 

Sketch of proof of Lemma lH.U We prove connectedness of n{K). Suppose that 
this is not connected. Take a minimal path in S connecting two of the components. 
If this path consists of only one edge in E, we get a contradiction by Proposition 
13.21 If it consists of more than one edge, then by the construction, the flow at edges 
on the two ends of the path point outwards, so that there is a vertex inside this 
path where two of the arrows are pointing outwards, and we get a contradiction by 
Proposition 13. 31 □ 
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3.2. Escaping orbits. 

Lemma 3.4. (Escaping orbits) Suppose that {cn}, n Cz N is an infinite directed 
path in T, with the head of e„ equal to the tail of Cn+i, and such that fp{e„) = 
Furthermore, suppose that {en} does not limit to a rational point of ^ . 
Then there exists infinitely many X € "^(2) such that the path {e,i} intersects the 
boundary of the corresponding complementary regions X e 17(1]). 

Proof. See ^ for the case k = —2 and [IT for the extension to the general case 
where k 7^ 2. □ 

3.3. Neighbors around X. For each X G 'j^, let Yn, n G Z he the consecutive 
neighbors of X, so that (X, F„,y„+i) S GT is a generating triple for all n. For 
example, if X corresponds to cx) € Q, then we can take Yn to correspond to n G Z. 
Let X = X + where |A| > 1. Note that |A| = 1 if and only if a; € [-2, 2] C M. If 
X = 2, then from the vertex relation (Q and edge relation y„+i — \/k — 2, 
and 2/n+i Vn — yn — Vn-i, hcncc the ± sign is constant in n. Similarly, if x = —2, 
then y„+i = -j/„±VK ~ 2, but th is time, yn+i+Vn = -{yn+yn-i), hence the ± sign 
alternates in n. If a; = ±Vk + 2, then y„+i = X^^yn where the ± sign is constant 
in n. If X ^ {±2, ±\/ k + 2} then there are (non-zero) constants A,Bg C\{0} with 
AB = {x'^ - K - 2)/(a;2 - 4) such that ?/„ = AX^ + BA"". Hence we deduce that 
the following holds. (This is Corollary 3.3 in in the case k = —2.) 

Lemma 3.5. (Neighbors of X) Suppose that X G has consecutive neighbors Yn, 
n e Z. Let p e X^, k ^ 2, with corresponding Fricke trace map (j). 

(a) If X ^ [—2, 2] U {±\/k"H~2}, then grows exponentially as 71 —> 00 and as 
n — > —00. 

(b) If X £ (—2,2), then |?/„| remains bounded. The values of the neighbors ?/„ 
are periodic if x = 2 cos ^tt for some p/q G Q, and quasi-periodic otherwise, 
that is, for any rt € Z and e > 0, there exists infinitely many indices Uk 
with \y„ - y„J < e. 

(c) If X ~ 2, then either y„ = ya + n\J k — 2 for all n, or yn = yo — n\J n — 2 
for all n. In particular, since we assume that k ^2, |y„| grows linearly in 
\n\. 

(d) If X = —2, then either yn = (— l)"(yo + n\/ k — 2) for all n, or yn ~ 
(-l)"(yo -JTa/k^) for all n. 

(e) If X — ±\/ K + 2, then either yn = A"yo for all n, or yn = A^"?;o for all n. 
In particular, if x ^ [—2,2] and yo 7^ 0, then as n ^ 00, |y„| — > 00 (or 0) 
and as n — > —00, |y„| (resp. 00). 

4. Proofs of Theorems 11.21 and II . 31 

Fix p e X^, and again assume that k ^ 2. For a pair of elements X,Y E ^€ , 
recall that p satisfies the extended BQ-conditions on '€\x,y\ if conditions (i) and (ii) 
of Theorem 1 1.31 are satisfied for all Z S '^{x,y\ I' ^2.13(I . It was shown in ^HI that if 
this holds, then a version of the McShane's identity holds, in particular, a certain 
series converges which implies that for all K > 0, the set {Z £ '^[x,y] I < K} is 
finite. Hence, we have 

Proposition 4.1. Suppose that p satisfies the extended BQ-conditions on "^[x.y], 
then E{p) n "^(x.y) = 0- 
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We shall see later (Proposition that if in addition, x,y ^ ±\/ n + 2, then in 
fact £{p)f^'^[x.Y] = 0- 

Now suppose that /p(e) = e, with e ^ {X,Y]Z ^ Z') and X,Y ^ "^(2), that 
is, |a;|, |y| > 2. Then it was shown in [P (see also ^J) that for all edges e' G i?(S) 
lying in the component of E \ {e} at the tail of e, /p(e') points towards e. In 
particular, for all Z € 't^[x.y]j \^\ ^ niin(|x|, \y\) and hence tail(e) = '^[x.y] satisfies 
the extended BQ-conditions. Therefore we have 

Proposition 4.2. Suppose that fp{e) = e, with e ^ {X,Y;Z Z') and X,Y <^ 
<r(2). T/ien £(p) n '^(x.Y) = 0. 

Using the above result and Lemma |3.5I it is easy to determine which elements 
of are in £(/?), and also to show that £{p) is closed in 

Proposition 4.3. Suppose X e 'yf. Then X e £{p) if and only if x ^ (—2,2) U 
{±^/^T2}. 

Proof. It is clear from parts (b) and (e) of Lemma 13.51 that X E £{p) if x e 
(—2, 2) U {±-\/k + 2}. Now suppose that X ^ (-2, 2) U {±Vk + 2}. Then by parts 
(a), (c) and (d) of Lemma l3.5l for all K > 0, there exists iV S N such that |?/„| > K 
for all n > and n < ~N. Hence, for all K > 0, by the remark preceding 
Proposition 14.21 there exists a neighborhood N{X) of X (depending on K) such 
that \z\ > K for all Z e N{X) \ {X}. We conclude that X ^ £{p). □ 

Proposition 4.4. For any character p G X , the set of end invariants £{p) is closed 

Proof. We show that \ £{p) is open. Suppose first that X E ^ \s not an 

end invariant. Then by Proposition 14.31 and Lemma if F„ are the neighbors of 
^ oo as 71 ^ ±oo. Hence, by Propositions 14.21 14.31 there exists an open 
neighborhood U oi X such that U f] £[p) = Now suppose A € \ is not 

an end invariant. Let {e„} be a path in S limiting to A and let {XmYn) € QV 
be the generating pair corresponding to the edge e„, oriented so that A £ [X„, Y^]. 
Since A ^ £{p)^ we have |a;„|, — > oo; so we may assume say that \xi\ = K > 2, 
and both |a;Ar| and |?;Ar| > K for some iV e N. By Lemma l3.ll \z\ > K for 
all Z S [XatjY/v], so that '^[Xn,Yn] satisfies the extended BQ-conditions. Hence, 
{Xn,Yn) n £{p) = by Proposition EH] We conclude that ,^if \ £{p) is open. □ 

Proof of Theorem [Q If p is dihedral, then x € {0, ±a/k + 2} for all X G and 
if p is a SU(2) character, then x G [—2, 2] for all X G In either case, it is clear that 
£{p) = since |a;| is bounded for all X G ^ . Now suppose that £(p) contains 

an open interval X C . Then there exists a generating triple (X, F, .Z) G C/T 
with X, y, Z G X. By Proposition Ol x, z G (-2, 2) U {±\/k + 2}. Suppose say 
that X = iV/* + 2, where v'k + 2 ^ [—2, 2]. Then either j/ = z = in which case 
/9 is a dihedral character, or y, z 7^ 0, in which case by part (e) of Lemma 13.51 and 
Proposition 14. 31 there exists a neighbor Yn of X such that y„ G I but ^ £{,p\ 
which gives a contradiction. Hence, we may suppose that x,y, z ^ ±-\/ k + 2, in 
which case x,y,z G (—2,2) (recall /t 7^ 2). If p is a SU(2) character, £{p) = 
and we are done; otherwise, p is a SL(2,M) character and there exists VF G ^ with 
\w\ > 2, w ^ ±Vk + 2 (see for example |3]) and so W ^ ^(p)- Since x G (—2,2), 
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by Lemma I^SJb), the neighboring values aromid X are either periodic or quasi- 
periodic; it follows that there exists Wn arbitrarily close to X (hence in X) with 
Wn ^ ^{p)- The contradiction completes the proof. □ 

Proof of Theorem II. .'Jl Suppose that p satisfies the extended BQ-conditions. It 
was shown in that in this case, there exists a finite subtree of E which is 
an attractor for the fiow fp associated to p, and that the generalized McShane's 
identity holds. This implies that for any K > 0, the set {X G \ \x\ < K} is finite. 
It follows that £{p) = 0. Note that Lemmas 13. Il and l3.4l plaved essential roles in the 
proof, in particular, if the extended BQ-conditions are satisfied, there cannot be an 
escaping orbit in the sense of Lemma 13.41 which is a crucial step towards showing 
the existence of the attractor. 

Conversely, if p does not satisfy the extended BQ-conditions. then either there 
exists some X e ^ with x G (-2, 2) or the set "^(2) ^ {X e \ \x\ < 2} is infinite. 
In the first case, X € £{p), and in the second case, "^(2) has an accumulation point 
in which lies in s lp). □ 



5. Reducible characters 



We consider the reducible characters in this section and prove Theorem 11.41 
As pointed out in H2.16I we may use representations into diagonal matrices of 
SL(2,C) to represent the reducible characters. Note that p{XYX~^Y~^) = / for 
all generating pairs X, Y of tt, where / is the identity matrix. Hence we may think 
of p as corresponding to a representation of the fundamental group of the torus T 
(without boundary) and use the homology classes where m, n are relatively 

prime and ?? > to represent the elements of ^. Let 7r(T) = {X, Y \ XYX~^Y^^ = 
/), then 

piX) = Q j , p{Y) = Q 

where a, /3 G C, and x = tr p{X) = a^/^ + a~^/^, y = tr p{Y) = (3^/'^ + (3'^/^ . There 
are two cases to consider, (i) p ■ log |a| -f g • log |/3| — for some integers p, q (not all 
zero); and (ii) otherwise. In the first case, we have ja^ = 1. By using the action 
of r, we might as well assume that in fact p = 1 and q = 0, so that |a| = 1, and 
X G [-2, 2]. If \(3\ = 1 as well, then y G [-2, 2] and similarly z = tr piXY) G [-2, 2]. 
Since k = 2, p corresponds to a SU(2) representation and £{p) — in this 

case. If |/?| 7^ 1, then \z\ ^ [-2,2] for all other Z G ^ \ {X}, since the exponent 
of Y is non-zero for all the other elements. Furthermore, since |q;"/3| = is 
bounded, X G f (p). For any other element Z G if is any sequence of 

distinct elements approaching Z, then the exponent of Y in the homology class of 
Zn approaches ±cxd, so that log|Z„| — > ±oo. Hence Z ^ i£(p). It follows that in 
this case, £(p) ~ {X}. Now we consider case (ii), where |°| j^j = /i is an irrational 
number. There exists a sequence of rationals p„/(?„ — > /i, namely, the convergents 
of p in the continued fraction expansion of p such that p„ • log \a\ -\- qn ■ log |/3| is 
bounded. Hence X{p) G hes in £{p). For any other Z G if X(p„/q„) is 

any sequence of elements approaching Z , then p„ • log |q;| -|- • log |/3| is unbounded 
and hence Z ^ £{p). It follows that £{p) = {X{p)} in this case. This completes 
the proof of Theorem 11.41 



16 



SER PEOW TAN, YAN LOI WONG, AND YING ZHANG 



6. Proofs of Theorems 11.51 and 11.71 

We first give an equivalent definition for tfie set 8{p) in terms of tfie (pro- 

jectivized) ends of a certain subtree Ti. of S; this is the variation of the original 

definition given by Bowditch in 

Suppose p & X does not satisfy the extended BQ-conditions. We define a subtree 
:= Tip of S as follows: Suppose that e € E{Yj) corresponds to the generating 

pair {X,Y). Then e C 7Y if both '^^[x,y] and '^[y,x] does not satisfy the extended 

BQ-conditions. 

For edges e £ E{Yj) \ H, exactly one of the sets '^ix,y], '^Iy,x] does not satisfy 
the extended BQ-conditions (since p doesn't); we define a direction d{e) £ E{Y,) so 
that tail of d{e) satisfies the extended BQ-conditions. Hence, d{e) points towards 
Ti for all e ^ TC. Note that d{e) is not to be confused with the flow /(e) defined in 
^12.181 It is easy to see from the definition that any vertex v £ V{Y.) has 0, 2 or 3 
edges of H adjacent to it. A vertex v G Ti is called a node of H if there are three 
edges of H adjacent to it. Furthermore, if v is not a vertex of H, then for the three 
edges incident at v, d{e) points towards v for two of the edges and away from v for 
the third. If v has 2 edges of H adjacent to it, then d{e) points towards v for the 
remaining edge. 

There is a natural projection map from the ends of S to which is one to 

one onto irrational points and two to one to rational points. If Ti. is empty then 
d{e) all point towards a unique A £ and £(p) = {A}; otherwise, £'(p) is the 

image of the ends of under the projection map to . 

For an irrational A G f (p), the following result states that we can take = 2 in 
the definition of f (p). 

Proposition 6.1. Suppose that A e £ip) and A ^ Then there exists a sequence 
of distinct elements Z„ G such that Zn —>■ A and |z„| < 2 for all n. 

Proof. If Ti is empty, then d(e) points towards A for all e G E{T,). Choose 
any path {e„} limiting at A and let (X„,l^) be the generating pair corresponding 
to e„, ordered so that A G [X„,y„]. Then p does not satisfy the extended BQ- 
conditions on '^[Xn.Yr,]! and hence, there exists Zn £ ^[x„,Yn] such that \zn\ < 2. 
Since X„, A, by passing to a subsequence if necessary, we obtain a sequence 

of distinct Z„ — *■ A with |z„| < 2. The same argument works if A is the end of a 
path in Ti: we just choose a path in Ti ending at A. □ 

Proof of Theorcm \l.[^ Let p £ X'^ with the corresponding Fricke trace map, 
and suppose that k 7^ 2. We first prove the following claim: 

Claim. If \£(p)\ > 1, then \£{p) n'if\ = 00, and if £(p) = {X}, then X £ 
Furthermore, if \£{p)\ > 1, then £{p) is perfect (that is, every element of £{p) is an 
accumulation point of £{p)). 

First note that x = 4>{X) £ R for all X £^S' hy the edge relation (jS)). Hence by 
Proposition 14.31 X £ £{p) ii \x\ < 2. If there exists two distinct X,Y £ ^ with 
|a;|, |y| < 2, then by looking at the behavior of (j) about X and Y respectively and 
applying Lemma lS31 fb). we see that there are infinitely many Z £ "^nf (p) and both 
X and Y are accumulation points in £{p). Similarly, if there exists X £ C\ £{p) 
with X = zt^/ K + 2, and \/k + 2 > 2, then by Lemma [3.51 (e), there are infinitely 
many Z £ ^ n £(p) and X is an accumulation point of £{p) (in fact, it is a one 
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sided limit point of £{p) if p is not dihedral). Now suppose that A G £{p) with 
A ^ By Proposition 16. II Y(o{2)\ = oo and since "^^(2) is connected, we can find 
a sequence {^n} C "^(Z) such that X„ A and (X„,X„+i) is a generating pair 
for all n. If there are infinitely many X}^ in the sequence such that \xk\ < 2, we 
arc done. Otherwise, re-indexing if necessary, we may suppose that a;„ ~ ±2 for 
all n G N. Note that X^^i and Xk+i arc neighbors of Xk- If X^, X^+i) 

is a generating triple, then using the sign-change automorphism f H2.4(l . we may 
assume that (xfe-i, Xfc, Xfe+i) = (2,2,2) or (—2,— 2,— 2). In the first case, k = 2 
which contradicts our assumption. The second case corresponds to the holonomy 
representation of the thrice punctured sphere and (p satisfies the extended BQ- 
conditions, so £{p) = 0, again a contradiction. Hence, [X^-i, X^, Xk+i) is not a 
generating triple and there exists Z^, a neighbor of X^ lying between Xk-i and 
Xk+i- Again, by the sign change automorphism, we may assume that Xk = 2. 
Now by Lemma 13.51 (c). Xk-i and Xk+i have opposite signs, say Xk-i = —2 and 
Xk+i = 2, which forces \zk\ < 2. This produces a sequence of elements G £{p)<^ 
approaching A which completes the proof of the claim. 

The classification of the types for £{p) according to (a), (b), (c) or (d) of the 
theorem now follows from the above claim and Theorems 11.21 and 11.31 It remains 
to show that each of these cases occur for the values of k stated. We use here 
Goldman's main Theorem in which classifies the action of F on A"*. The fact 
that case (a) occurs if and only if k < 2 or > 18 follows from the fact that F acts 
properly only on characters in these ranges of k. The ranges for case (c) and (d) also 
follow from Goldman's result. Theorem 1 1.21 the above argument, and the fact that 
the dihedral character is real for k > —2. It remains to show that case (b) occurs if 
and only if k > 6. It is easy to see that £{p) = {X} if t(p) = (0, a, a), where a > 2. 
Since in this case k — 2a^ — 2 > 6, we have case (b) occurs for all k> 6. Gonversely, 
we show that if case (b) occurs, that is, if £{p) — {X}, then k > 6. Let F„, where 
ri G Z, be the neighbors of X. Using the sign change automorphism, we may assume 
that X > 0, so that x G [0, 2), x = e*" + e"'^ where < 9 < 7r/2, and there exist 
A,B €C with AB = {x^ - K -2)/{x^ - 4) such that y„ = Ae'"" + Se-™^ Since 
y„ G K for all n, we have _B = A so that j/„ = 2 Re(Ae'"^). Now since |y„| > 2 for 
all n, 6 must be a rational multiple of tt, that is, 9 = pn/q for some rational p/q, 
and the set {Ae*"^} is the set of vertices of a regular q-gon in the complex plane 
centered at the origin with |2Re(Ae™*)| > 2 for all n. Rc-indcxing if necessary, we 
may assume that i/q = 2Re(A) > 0; hence yo > 2, and yi = 2Re(Ae'^) < 0, which 
implies yi < —2. It follows that k = x'^ + y'^ + yf — xyoyi — 2>8 — 2 = 6 which 
completes the proof of Theorem II .51 □ 

Proof of Theorem \1.7\ Suppose that p is discrete, and £{p) has at least three 
elements but is not equal to i^JSf. By Theorem II .21 it suffices to prove that £{p) 
is perfect, that is every X G £{p) is the limit of distinct Zn G £{p)- Note that in 
this case H has at least three distinct ends and at least one node. 

Case 1. X ^ ^(o r\ £{p). By Proposition 14.31 and the discreteness oi p, x = 
2 cos for some | G Q, and by the periodicity of <j) about X {p is stabilized by a 
reducible element of the mapping class group F fixing X) and the fact that H has 
at least 3 ends, X is a limit of distinct Z„ G £{p)- 

Case 2: X ^^to. Choose a node v oi H (which exists by the assumption) and 
the path {e,i} from v to X and let (X„, Yn) be the generating pair corresponding to 
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e„, ordered so that X G [Xn,Yn]. By the connectedness of ^^(2) fLemma l3.1(l and 
the vertex relation lO, it is easy to see that there exists a universal constant K > 
depending only on k such that |a;„|, \y„\ < K. Since the set of values are discrete, 
by passing to a subsequence, we obtain a sequence of generating pairs (X„,y„) 
approaching X such that for all n e N, .t„ = a, yn — b where a,b € C are fixed 
constants. Let d be the distance from v to the edge ei ^ (Xi, Yi). It follows that 
there is a node u„ of Ti. at distance d from each of e„ (-''^n, ^n)- Since e„ ^ X, 
Vn X , and hence X is the limit point of distinct A,i e ^^(p)- D 

Remark 6.2. We end this section by remarking that if p G p^disc satisfies the con- 
ditions of Theorem 11.71 and £{p) ^ ^ then the proof of Theorem 11.71 implies 
that in fact, the stabilizer of p in the mapping class group F of T is relatively large, 
in particular, is not finite or virtually cyclic. This answers a question posed by 
Bowditch in pp. Makoto Sakuma has also independently obtained examples of 
characters whose stabilizer in F is not finite or virtually cyclic by considering the 
representations arising from the two bridge knot complements; in these cases there 
are at least two (hence infinitely many) X G^ for which (\>{X) — 0. 

7. Proof of Theorem 11.61 

For the rest of this section, we fix p e A"^, where k < 2, with corresponding 
Fricke trace map (/). It will be convenient and visually easier to regard as a map 
from ri(E) to C. Recall from > )2.1()l that there is a partition of ^ and ri(E) into 
three equivalence classes 7^, Q and B. We use the letters Y and X to denote 
the elements of 7?,, Q and B respectively, and W to denote a general element of 
Since p is imaginary, <^ takes purely imaginary values on two of the equivalence 
classes and real values on the third; we may assume that it takes real values on 
Z & TZ. For X £ B, Y £ G and ^ G 7?., we use the convention (j){X) = ix, 
4>{Y) = iy and 4>{Z) = z, where x,y,zGR for the rest of this section (note that 
this is different from the convention used earlier). Then if {X,Y,Z) G QT and 
{X,Y\Z,Z'),{Y,Z\X,X'),{Z,X;Y,Y') g GQ, the vertex relation ^ and edge 
relation © can be rewritten as: 

—x^ — + + xyz — 2 = K (13) 

z + z' = —xy, y + y' = xz, X + x' = yz (14) 
Note that by our convention f ii2.15|l p £ is not dihedral. Hence, by Theorem 
11.21 £{p) 7^ and in fact £{p) has empty interior in We will be using 

the results of Goldman-Stantchev, in particular, the classification result (Theorem 
A of ini) and the r-reduction algorithm (§4 of |Sj). The following strengthening of 
Proposition concerning irrational ends is key. 

Proposition 7.1. Suppose p £ X^, where k < 2 and A G £{p) with X ^ ^€ . Then 
there exists a sequence of distinct elements {Wn} C H £{p) such that Wn A. 

Proof. By Proposition O n{2) ^ 0. Choose Wq G n{2) and let P ^ {e„} be 
the minimal path in E(r2) from Wq limiting at A. By Lemma |3.1I we can find a 
sequence {Wn} C fl{2) such that for all n > 1, W„ is adjacent to P, Wn,Wn+i are 
neighbors and Wn A (see Figure OJ. Wc consider two cases, first when Wn G TZ 
for infinitely many n, and secondly, when Wn ^ TZ for all but finitely many n. 
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Figure 3. The sequence {W„} — > A along P. 



Case 1. Wn G TZ for infinitely many n. This gives a subsequence {Z,i] C TZ 
approaching A such that \zn\ < 2. If there are infinitely many elements in this 
sequence with |z„| < 2, these are in £{p) by Proposition^^! so we are done. Hence 
we might as well assume that z„ = ±2 for all n. Then there exists infinitely many k 
such that (piWk) = ±2 in the sequence {W„}. Fix such a k and consider the triple 
Wk-i,Wk,Wk+i. Using the sign-change automorphism f H2.4|l we might as well 
assume that Wk = 2. Wk-i and Wk+i are neighbors of Wk (hence, not in R), with 
4>{Wk-i) = iwk-i, 4>(Wk+i) = iwk+i, where Wk-i,Wk+i G [-2,2], by assumption. 
If Wk-i = (or Wk+i = 0), then Wk-i e £{p) (resp. Wk+i e £{p)). If both Wk-i 
and Wk+i have the same sign, then, since the values of the neighbors of Wk grow 
linearly ('Lemma l3.5f c')'). the difference in the values of successive neighbors of Wk 
is ci, where < c < 2, and wc can find two successive neighbors, say X and Y, of 
Wk such that (f>{X) ~ ix, (t){Y) = iy with —2 < x < < y < 2. If Wk-i and Wk+i 
have different signs, then a simple argument using the neighbors of Wk in between 
Wk~i and Wk+i again yields neighbors X,Y of Wk with the same property. If 
X = —2 and y = 2, we have {wk,ix,iy) = (2, — 2i,2i), and p can be easily shown 
to satisfy the extended BQ-conditions (see ^^), so that £{p) = 0, contradicting 
the fact that p has an irrational end. Hence, we may assume that either x > —2 
or y < 2. Now if we consider the generating quadruple {X,Y;Wk, Zk), we have 
\zk\ = I — — 2| < 2, SO we obtain Zk & TZCi £{p)- In all subcases, we obtain a 
subsequence {Wn} C n £{p) such that Wn A, which completes the proof in 
this case. 

Case 2. Wn ^ Ti- for all hut finitely many n. Re-indexing if necessary, we 
might as well assume that Wn ^ TZ for all n, and {W,^} = Xi,Yi, X2, Y2, . . . , where 
Xn ^ B, Yn E G- The sequence {W„} must cross the path P infinitely often, since 
the end of P is irrational, and Wn ^ TZ for all n. Hence, renaming Q and B if 
necessary, we obtain a subsequence of generating pairs {(X„,y„)} C QV and a 
nested sequence of closed intervals [Xn, Yn] such that 

A G • • • C [X„+i, y„+i] C [Xm Yn] • • • C [Xi, Yi], 

Xn, Yn — > A, and \ixn\, \ iyn\ < 2 for all n > I. Passing again to a subsequence, we 
may assume that Xn a, yn ^ b, where a,b G [—2,2]. Let e„ G iS'r C E{T,) be 
the edge of P corresponding to the generating pair (X„, Yn) and u„ G V{T,) be the 
end of e„ which is closer to A. Note that the quantity r„ = —Znz'^ associated to 
the edge e„ {Xn, Yn', Zn, Z'^) G GQ approaches a fixed constant c which depends 
only on a and b. We now consider the case where both a, 6 7^ and the case where 
one of a, 5 = separately, and perform the r-reduction algorithm at each w„. 
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Subcase (i): a,b ^ 0. Then, starting at w„, the r-reduction algorithm of 
Goldman-Stantchev 0, see also the Appendix, produces a sequence in ^ ter- 
minating after a finite number of steps at some Z„ G £{p)- For n sufficiently 
large, since a,b ^ 0, the first (two) steps of the algorithm reduces r by at least 
some positive constant depending only on a and fe, hence if n is sufficiently large, 
the algorithm starting at Vn does not cross the edges e„_i ^ (X„_i,y„_i) and 
e„+i ^ (X„+i,y„+i). Hence, Z„ € [X„_i,y„_i] \ [X„+i,r„+i]. Again passing to 
a subsequence, we obtain a sequence of distinct Z„ G approaching A. 

Subcase (ii): One of a, 5 = 0, say a = 0. Then for any e > 0, there exists TV 
such that \ixn\ < e for all n > N. Again, the r-reduction algorithm starting at w„ 
terminates, after a finite number of steps, at some Z„ G such that Z„ G Sip)- 
Furthermore, if \ixn\ is sufficiently small, by [H] (see Appendix), Zn is in fact a 
neighbor of Xn- Again it follows that for n sufficiently large, Z„ G [Ar„_i,y„_i] \ 
[Xn+i, l^+i], and the conclusion follows as in Subcase (i). □ 

Proof of Theorem li.61 The proof for Theorem 11.61 now follows easily, along 
similar lines to the proof of Theorem 1 1.51 If \£{p) n '^S'l > 1, it follows that \£{p) n 
^1 = oo by Lemma irKT b). and furthermore, each W G £(p) n*^ is an accumulation 
point oi £{p). If £{p) has an irrational end A, it follows from Proposition 17.11 that 
\£{p) n = oo and A is an accumulation point of £{p). Hence, £{p) is either 
empty, has one element G or is a Cantor set. The fact that £{p) =0 occurs 
only for k < — 14 and not for — 14 < k < 2 follows from |3] (actually, the case 
K = — 14 was not covered, but as we saw earlier, the example p G A'_i4 where 
l{p) = (2,2*,— 2i) has £{p) ~ 0). It is fairly easy to construct, for all k < 2, 
examples where £{p) = {X}: we use p with i{p) = (0, j/i,z) where y,z are chosen 
such that y, z > 2 and z'^ — y'^ = k + 2. In this case "^(2) = £{p) — {X}. Similarly, 
it is easy to construct examples where |f (p)| > 1, and hence is a Cantor set: we just 
need to make sure that there are at least two element in 'rf r)£{p). We leave this to 
the reader. Finally, to prove part (i) of the Theorem, we first show that for p G 
if £{p) = {W}, then W ^ TZ. Suppose not, then we have some {Xo,Yo, Zq) G GT 
such that Zq G (—2,2). If zq = 0, then ixo = iyo = 0, a contradiction since £{p) 
has only one element. Hence, using the sign change automorphism if necessary, we 
may assume that Zq G (0, 2). Use X„, to denote the successive neighbors of Zq, 
with values ixn, iVn respectively. Then x„, 2/„ lie on the ellipse 

x^ - zoxy + = z'^, 

with major axis y = x and minor axis y ~ —x, and intercepts (±zo, 0) and (0, ±zo). 
The values a;„,y„ are obtained by starting at the point (a;o,yo) on the ellipse and 
taking the coordinates of the successive intersections of the ellipse with the up/down 
and left/right path; see Figure^ (compare with |S]). There is at least one intercept 
which lies in either the second or the fourth quadrant, that is, there exist some 
successive neighbors Xn,Y„ (or Y„,Xn+i) of Zq such that Xn,yn have opposite 
signs and \xn\, \yn\ < zq < 2. However, in this case, for the generating quadruple 
{Xn, Yn; Zq, Z„) E GQ, \zn\ — \xnyn ~ zo\ < 2, Contradicting the fact that £{p) has 
only one element. Hence we conclude that the single clement W of £{p) is not in 
TZ; so it must be in G or B, which implies w = 0. The conclusion then follows easily 
from the vertex relation lO and the connectedness of "^^(2). □ 
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Figure 4. The ellipse x'^ — ZQxy+y^ = Zg {zq = 1.5) and successive 
values of Xn,yn- 

8. Appendix: The t-reduction algorithm 

We give a brief description of the r-reduction algorithm given by Goldman and 
Stantchev in 0. Bowditch's algorithm in [T] for type-preserving imaginary Markoff 
maps {p € '^.^2) is essentially a special case of this, although it was couched in a 
different setting using the Jorgenson parameters, a — x/yz, b = y/xz and c ~ z/xy 
instead of x,y, z. Wc will describe the results and algorithm but refer the reader 
to IS] for detailed proofs. 

Fix ape Xj:, where k < 2, with corresponding 0. Wc adopt the notation in 
^ in particular, we use X, Y and Z for the elements of B,G and TZ respectively 
(thought of as subsets of 0(1])), and write z = (f>{Z), ix = <f>{X), iy = 0(F) 
where G M. li e £ Er <Z E{Yj) corresponds to the generating quadruple 

(X, F; Z, Z'), define r(e) = —zz'. Similarly, for v E V^(S), define t{v) = r(e) where 
e is the unique edge in Er with one endpoint at v. Note that r is invariant under 
the sign-change automorphism. 

The T-reduction algorithm has as a starting point a vertex vq G V(T,), and 
produces a (unique) finite sequence of adjacent vertices vq^vi,--- ^vn such that 
either 

(a) t{vn) in minimal among all vertices v G V{Ti), wjv is an attractor for the 
flow /p, (j) satisfies the extended BQ-conditions and £(p) = 0; or 

(b) one of the three regions adjacent to vn is in £{p). 

This also produces a sequence of elements Wi,W2, • • • , Wn & 0(S), where Wk 
is the (unique) region adjacent to Vk which is not adjacent to Vk^i- The algorithm 
consists of two general types of moves, the first type moves the vertices around 
the boundary of Z G 7?. until we reach a point where r is minimum among all the 
vertices lying on the boundary of Z, then the second type "fiips" the vertex across 
the edge e G Er to a, vertex which is now adjacent to a different Z' G 7?.. The 
main point is that the algorithm is uniquely determined, does not backtrack, and 
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Figure 5. r-algorithm moves along dZi^ 



terminates after a finite number of steps in one of the two possibilities (a) or (b) 
listed above. 

The algorithm: Let vq {Xq, Yq, Zq) e QT, and e ^ {Xq, Yq; Zq, Zq) G ^Q, where 
e € Er is adjacent to vq. If ixo,iyo or zg G (~2,2), then = and we are done 
(case (b) above). If |z|, |z'| > 2 and both zq, Zq have the same signs then = if 
\zo\ < \z'o\, and iV = 1 if |zo| > |zo|, where vi ^ {Xo,Yo,Z^). By the results of 
and [llj . ujv is a sink which is an attractor for the flow fp (see also the properties 
listed below), and we are done (case (a) above). If none of the above is satisfied, 
we perform the inductive step below. 

Inductive step: Fix k and suppose Vk <-* {Xk,Yk, Zk) and \zk\ > 2. Let Xk,n,Yk.n, 
n G Z he the successive neighbors of Zk, where Xk = Xk^ and Yk ~ Yk,o. Let 
Vk,2n ^ iZk,Xk,n,Yk,n) G GT and Vk,2n+i G V (Y.) ^ {Zk,Yk^n,Xk,„+i) so that 
{vk,n}nGZ are the successive vertices along dZ^. Let ek,n G Er be the edge with 
endpoint at Vk,n which is not adjacent to Zk (see Figure IHll. Using the sign change 
automorphism, we may assume that Zk > 2. Then {xk,n,yk,n) and {xk.n,yk.n-i) 
are coordinates of points on the hyperbola (two parallel lines if Zfc = 2) 

-x'^ ~ y'^ + Zkixy) + zl ^ K + 2. (15) 

The successive values of Xk,n,yk,n in either direction can be obtained by looking 
at the intercepts of the up/down left/right zigzag path with the hyperbola ((T5|l . 
starting from the point (xo,yo) = {xk,o,yk,o) (see FigureEJ. We have the following 
facts: 

(i) Xk,n,yk,n ±oo as n ^ ±oo. 

(ii) Either exactly one of Xk,m yk,n = 0, or there is a unique vertex Vk^min 
adjacent to Zk at which there is a change of signs in successive values of 
Xk,n,yk,n, that is, the other two regions adjacent to Vk,min have purely 
imaginary values with different signs. 

(iii) If Xk,n,yk,n 7^ for aU n, then r(wfc^„) > T{vk^mm) with strict incquahty, 
for all Vk^n 7^ Vk.rimi- Thc same holds if exactly one of yk.n = 0, except 
now T achieves its minimum on the two vertices on dZk which are adjacent 
to the region with value 0. 

(iv) If {efc^„}„gz are the successive edges of dZk, then /p(efc.„) is directed to- 
wards Vk^min for all 71 S Z, Or the region Xk^i (or Yfc,;) neighboring Zk with 
value (in this case there is ambiguity in the definition of fp for the edge 
between Zk and the region Xk,i (or Yk.i) with value 0). This also follows 
from Proposition 

Now starting at Vk, define a sequence of successive vertices along dZk until by 
(ii) above, we either reach a vertex which has an adjacent region with value zero, or 
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Figure 6. The hyperbola -x^ - y'^ + Zk{xy) + zl = n + 2 [zk = 
3, K = 0) and successive values of Xk,m yk,n- 



we reach Vk^min- In the first case, we end the algorithm at that point as we are in 
case (b). In the second case, if {Xk^n, Yk,m Zk, Zj^) ^ Sk,min, we check the value of 
z'k = -Xk,nyk,n-Zk- Note that Xk,n and yk,n have different signs, so -Xk,nyk,n > 0, 
and that Zfe > 2 by assumption. If z'j. > Zk > 2, we stop, as we are then in case 
(a); otherwise, we perform the second type of move and the next vertex is 
which is adjacent to Vk,min along £k,min- If z'j, > 2, we stop as again, we are in 
case (a). Similarly, if z'j, € (—2,2), we stop, since we are in case (b). Finally, if 
z'l^ < —2, then |z^| < \zk\. We now proceed inductively with the new vertex v'f. 
taking the place of Vk, where we first perform a sign-change automorphism so we 
are back to the situation of Vk- It is clear that the algorithm docs not backtrack. 
To show that it terminates after a number of steps, we need to consider two cases. 
If |y| is bounded away from for all X G B and Y G Q, then for each step 
of the algorithm which is not a move along an edge of Er, t reduces by at least a 
fixed amount .ftT > so the algorithm must terminate in a finite number of steps. 
Otherwise, there exists e > (depending only on k) such that if Vk <-> (^fe, Yk, Zk) 
and < \ixk\ < e, then f^+i, • • ■ , vn all lie on dXk, and the algorithm terminates 
after a finite number of steps to case (b). 
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